MANE'S CONJECTURES IN CODIMENSION ONE 



UGO BESSI, DANIEL MASSART 



Abstract. We prove Mane's conjectures f [Mn96j ') in the context of 
codimension one Aubry-Mather theory. 
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1. Introduction 



We study variational problems on tori in the spirit of |Mo86| . The objects 
we are interested in are maps u from M" to M which minimize globally the 
integral 



(1) 



L{x, u, V{u))dx 



where the cost function L is called the Lagrangian of the problem. This 
theory is also known as codimension one Aubry-Mather theory, because it 
generalizes the classical Aubry-Mather theory of twist maps. It runs parallel 
to the "dimension one" theory of Bangert |Ba90] . Mather |Mr91| . Maiie 
[Mn96j and Fathi [F^. 

We begin by recalling the hypotheses on the Lagrangian. Let 



L(xi 



, Xji , u,pi , 



,Pn) be a Lagrangian such that 



(HI) 
(H2) 
(H3) 



L G C''T(M2'^+1), / > 2, 7 > 0. 
L has period 1 in xi, . . . , x„, u. 
There is (5 > such that 



61 < 



4' 



dpidpj 

where / denotes the identity matrix on 
(H4) : There is C > such that 





dpdx 


+ 


dpdu 


<C{l + \p\) 


dxdx 


+ 


dudx 


+ 


dudu 


<C{l + \p\^) 



L{x, n, Vn) 



|Vn(x)[ + f{x, u) 



The main example we have in mind is a Lagrangian of the form 

1 
2 

where / € C''''^{M."'~^^) is Z"'"'"^-periodic. Observe that for any Lagrangian 
L satisfying Hypothesis (Hl-4) and for any Z"+-^-periodic / € C^''^{W^^^), 
L + f is again a Lagrangian satisfying Hypothesis (Hl-4). Adding a function 
to the Lagrangian is also called perturbing the Lagrangian by a potential. 
In this paper, after Mane ( |Mn95) ). the phrase "for a generic Lagrangian 
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L, Property P holds" means "for any Lagrangian L, there exists a residual 
subset 0{L) of the set of potentials, such that for any / in 0{L), Property 
P holds for L + f\ 

Since the integral ([T]) is infinite in general, we must explain what we mean 
by minimizing in ([1]). We say that u G W^^^ (R") is a minimizer for L if 

(2) / [L{x,u + (l),V{u + (l)))-L{x,u,Vu)]dx>0 V(/. G 

Since L is periodic, if u is a minimizer and {k,j) G Z" x Z, then u{x + k) +j 
is a minimizer, too; we say that u is non self intersecting if 

\/{k,j) G X Z, either u{x + k) + j > u{x) Vx 

(3) or u{x + k) + j < u{x) Vx or u{x + k) + j = u{x) Vx. 

In |Mo86) ■ it is proven that non self-intersecting minimizers lie within finite 
distance of some hyperplane: 

Theorem 1.1 ( [Mo86j ). Let u G Wj|^'^(M") he minimal and non self inter- 
secting; then there exists p G and a constant Cl{\\p\\) > 0, depending 
only on L and \ \p\\, such that 

\\u - m(0) - p ■ x\\cin(Rn) < Cl{\\p\\). 

In particular, any minimizer u G W^^^{W^) is actually as regular as the 
Lagrangian. The vector p is called the rotation vector, or the slope, of u; 
an important fact is that there are minimal, non self intersecting solutions 
of any rotation vector. 

Theorem 1.2 ( |Mo86 ]). For any p G M", there is a minimal, non self 
intersecting solution of slope p. 

Definition 1.3. A minimal, non self intersecting solution of slope p, is 
called a [L^ p)- minimizer. When p G Q", we can consider the subclass of 
periodic minimizers: we say that a (L, p) minimizer u is periodic if u{x + 
k) + j = u{x) for all {k,j) G Z" x Z such that p ■ k + j = 0. If u is a 
{L, p) -minimizer, with p G Q", then u is either periodic, or asymptotic to 
some periodic (L, p) -minimizer (see |Ba89| ). 

We want to study uniqueness of (L, /9)-minimizers; since we saw before 
that, if u is a (L, /?)-minimizer, also n(- -\- k) -\- j is such, we have to identify 
u with its integer translations. Even with this identification, the answer is 
negative, because in |Ba89j it is proven that, if /o Q", or if /) G Q" and 
n > 2, there are always uncountably many (L, /9)-minimizers. The situation 
changes if we look at the currents induced by minimizers (see section 13.11 for 
the precise definitions). Indeed, we are able to prove that, generically, all 
(L, p)-minimizers induce the same current; with the added bonus that, if p 
is irrational, we can drop the "generically." 

The problem of uniqueness can be formulated not only for (L, p)-minimizers, 
but also for the dual notion of {L — c)-minimizers. We briefly explain what 
we mean; we recall, that, as proven in |S91j . a mean action is defined. 
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Theorem 1.4 ( |S91j ). For any {L, p)-minimizer u, the following limit exists 
and depends only on L and p: 



Moreover, the function (3 is strictly convex and superlinear. 

Since /3 is strictly convex, its Legendre-Fenchel transform, traditionally 
denoted by a, is C^; it is easy to see that — a(c) is the minimum, over all u 
minimal and non self intersecting, of 



Note that for any c in R", the Lagrangian L{x, u, Vu) — c - Vu, denoted L — c 
for short, still satisfies Hypothesis (Hl-4). A minimal, non self-intersecting 
u such that 



is called a (L — c)-minimizer. As for (L, p)-minimizers, we may ask about the 
uniqueness of the (L — c)-minimizer for a given c, and similarly the question 
should be rephrased in terms of currents. One difference between (L, p)- 
minimizers and (L — c)-minimizers is that we don't know a priori when an 
(L — c)-minimizer is periodic, so another question we adress is how large is 
the set of c for which (L — c) -minimizers have a rational slope ? Note that 
by Fenchel duality an (L — c)-minimizer is an (L, a'(c))-minimizer, so the 
question boils down to how large is the set of c for which a'{c) £ Q" ?. 
Now we can state our result. 

Theorem 1.5. For a generic Lagrangian satisfying Hypothesis (Hl-4), 

• for every p € M", the {L, p) -minimizers induce a unique current; if 
p is rational, there is a unique periodic {L, p)-minimizer 

• for every c G M", the [L — c)-minimizers induce a unique current 

• there exists an open dense subset U of such that for every c (z U, 



Our theorem solves, in the affirmative, the codimension one versions of the 
problems posed by Maiie in |Mn95] , |Mn96| . In the " dimension one" theory 
much less is known. The best result about the first point of the theorem is 
that of |BC08j , which says that for a generic Lagrangian L on a manifold of 
dimension n, for every homology class p, there exists at most n + 1 (L, p)- 
minimizing currents. The second point of the theorem is trivially false in the 
dimension one theoretical setting (see Hedlund's example in |Ba90j ). To be 
precise about the third point, recall that the problem originally proposed by 
Maiie was : is it true that for a generic Lagrangian L, there exists a dense 
open subset U of the cohomology of the configuration space such that for any 
c (z U, there exists a unique minimizing measure, and it is supported on a 
periodic orbit. This is true, by [O09], when the base manifold is the circle 
and the Lagrangian depends periodically on time, and by (Mt03j when the 
base manifold has dimension two and the Lagrangian is autonomous. In the 
codimension one theory, the notion corresponding to minimizing measure is 






q'(c) G Q". 
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that of recurrent minimizer. Thus, in this case Mane conjecture follows by 
the first and third points of theorem 1.5. 

Thus Marie's conjectures seem taylor-made for the codimension one case. 
One possible reason for this is that Mafie had in mind the twist map case, 
which in some respects is more typical of the codimension one case than it 
is of the dimension one case. 

Acknowledgements The second author was partially supported by the 
ANR project " Hamilton- Jacobi et theorie KAM faible". 

2. The derivative of a is rational on a dense set 
We define 

rat(p, 1) = Vect (^{p, 1)^ n 

where Yect{A) denotes the smallest subspace of M"^"'^ containing the set A. 

Let a and /3 be as in the introduction; we recall that they are dual convex 
functions; since /3 is superlinear and strictly convex by theorem [T31 ce is 
and superlinear. 

We call fiat of slope p the set 

Dp = {{c,a{c)) : a'{c) = p}. 

We shall need the following result of Senn [S95] ; it says that the linear space 
generated by the flat of slope p is contained in rat(/9, 1). If A C MP, let L{A) 
be the linear space generated by the differences a — b with a, 6 € j4. Clearly, 
if G ^, then L{A) = Vect(^). 

Theorem 2.1 ( |S95] ). Let L be a Lagrangian on'M?'^^^ satisfying Hypothesis 
(Hl-4), and let 

Dp = {{c,a{c)) : a'{c) = p}. 

Then 

L{Dp) = rat(p, 1) 

unless the recurrent [L, p) -minimizer s (i. e. the periodic ones when p is ra- 
tional, and the functions defined in lemma 5.1 below when p is irrational) 
foliate T"+-^, in which case L{Dp) = {0}. 

Proposition 2.2. Let L be a Lagrangian on M?'^'^^ satisfying Hypothesis 
(Hl-4). Then the set {c G M": a'(c) G Q"} is dense in M". 

Proof. Let U be any open subset of M". 

First case : there exists c in U such that the fiat D^i(^^^ of a containing 
(c, a(c)) is reduced to a point. Then, by the convexity of a, 

yd G M" \ {c}, (a'(c) - a'{d),c - d) > 0. 

Let i? be a closed ball centered at c and contained in U. By Theorem 11.41 
a' is continuous. Hence, by Lemma lA.H a'{U) contains a neighborhood of 
a'(c); thus there exists d G U such that a'{d) G Q". 

Second case : any c G C/ is contained in a non-trivial face of a, that is 
to say, for any c G U, the face Da'(c) of is not reduced to a point. Then 
by Theorem 12. H for any c G U, the vector space L{Da'(c)) generated by 
Dfj/j^c) is rat(a'(c), 1), which is a rational subspace of M"+^: it is generated, 
practically by definition, by integer vectors. There are only countably many 
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rational subspaces of M"+^, so by Baire's theorem (a countable union of 
nowhere dense subsets of a complete metric space is nowhere dense) there 
exists an open subset Ui of U, and a rational subspace A^i of M""'"^, such 
that for any c £ Ui, 

A^i =L(Z)„,(,)) = rat(a'(c),l). 

Let Ml be the canonical projection to M" of A'^i. If Mi has dimension n, then 
a'{c) is rational; therefore, we shall suppose that Mi is a proper subspace 
of M'^. 

Observation : First let us observe that, if c € Ui, then (c, a(c)) lies 
in the relative interior of Da^ii^^y Indeed, let us take c € C/i, and a convex 
neighborhood y of in Mi, such that c + V <Z Ui. Let us denote by a the 
map a restricted to c + V] then a is affine and convex. The convexity is 
trivial, to prove that a is affine, we recall one fact from convex analysis: a 
is affine on c + F if and only if, for any d £ c + V , the flat of a containing 
(d, a{d)) has maximal dimension. In our case, c + V is an open set of c + Mi, 
and maximal dimension means the dimension of Mi. Now, Da'^d) is simply 
Dai(^d) intersected with {c + V)x M; our assumptions on Df^/^^d) and V yield 
that L{D^i^^'j) = rat(a'(c), 1), and rat(a'(c),l) has the same dimension as 
Ml. 

This proves that a is affine on the set c + V, and that c + y is open in 
c + Mi; in other words, (c, a{c)) lies in the relative interior of Da'[c)- 

From this we now deduce that for any c G f/i, the map a restricted to 
(c + M^) n Ui, which we denote ac for simplicity, is strictly convex at c, 
that is, c is not contained in any non-trivial face of ac- Indeed, [Mtj . Lemma 
A. 2 says that, if some c G C/i is contained in a non-trivial face of ac and 
the observation above holds, then c is contained in a face D a such that 
L(D) properly contains A'^i; but this contradicts the fact that the flat at c 
generates A''!. 

So for any c G Ui, the map ac is strictly convex at c. Therefore, by 
the same argument as in the first case, for any c £ Ui, there exists d G 
(c + M^)r\Ui, such that a'dd) £ M^ n Q". 

Observe that M^ n Q" ^ {0}. To show this, we note that M^ / {0}, 
because we are supposing that Mi is proper; moreover, Mj*-, being the 
orthogonal of a rational subspace of M", is itself a rational subspace of M". 

Now a'{d) is the sum of a'^d) and the derivative at d of the restriction of a 
to (c-|-Mi)n?7i, which is the orthogonal projection of a'{d) to Mi. The latter 
lies in Q" n Mi by Lemma IB. 21 in the appendix. Therefore a'^d) G Q" . □ 

3. Currents and recurrent minimizers 

We define the current induced by a minimal u. For p G M", we denote by 
a;(x, u) ■ {p, 1) the n-form co applied to the n-vector 





0, . 
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Let w be a smooth n-form on the torus and let u be a (L, /j)-minimizer; 
let B{0,R) be the ball of radius R centered at the origin in M", and let 
\B{0,R)\ be its Euclidean n-dimensional volume. It can be proven that the 
following limit exists 

(4) lim ^ / uj{x,u{x)) ■ {Vu{x),l)dx. 

R^cc \B{[),R)\ Jb{0,R) 

We define Tu{uj) to be the limit above. It is proven in |Be09j that r„ is a 
n-current of finite mass, and that dTu = 0. This means the following: let 
us denote by the set of continuous n-foms on T""*"^, equipped with the 
sup norm; then is a linear, continuous operator on and T„(dry) = 
for every (n — l)-form 7] of class C^. In particular, we can restrict T„ to the 
subspace of closed forms and quotient on the exact forms; what we obtain is 
a linear operator slopcrp from i?"(T""'"^), the n-th real cohomology group of 
T''+\ to M. Thus, sloperp^ belongs to the dual of iJ"(T"+^), which identifies 
with the n-th homology group ff„(T""'"^). On f/'"(T"'"'"^) we introduce, as a 
basis, the equivalence classes of the differential forms 

dxi : = (-l)"~*+-'-dxi A • • • A dxi_i A dxj+i A • • • A dx„+i \ <i <n 



dx^+i = dxi f\ ■ ■ ■ f\ dxn- 

On HniT^~^^) we introduce the basis Cj dual to dxj. It is easy to see that, 
with this choice of the basis, if u is (L, /3)-minimal, then slopC'p^ = (p, 1). 

Given a current T of finite mass on T""*"^, we can define a signed measure 
fiT on T"^^ by the formula 

(5) r(/dxi A • • • A dXn) = [ fdflT 

Jjn + 1 

for any function / continuous on the torus. 

We note that, by dH) and ([5]), if T = T„, the measure fiT is defined by 

(6) / /(x,x„+i)d/xr = lim — -J— - / f{x,u{x))dx. 

From the formula above, it is immediate that fix is a probability measure. 
The following lemma will be useful along the way. 

Lemma 3.1. For every u in Mp, for every {z,Zn+i) in x Z, denoting 
v{x) := u{x + z) + Zn+i, we have = Ty. 

Proof. Take 

• n in Mp 

• a smooth n-form uj on T"+-^ 

• {z, Zn+i) in Z" X Z. 
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We have 

Tu{uj) = YiTCY / u{x,u{x)) ■ {Vu{x),l)dx 

R->-oo \B[0,K)\ Jb{0,R) 

= ip/n pM / uj{x,u{x + z) + Zn+i) ■ {Vu{x + z),l)dx 

R^cc \B[U,H)\ Jb{~z,R) 

= i™ ip/n PM / t^(x,n(x + 2;) + z„+i) • (Vn(x + z),l)(i3; 
= 71, (w). 

The second equality comes from the change of variables x x + z and the 
fact that u! is Z"+^-periodic, the third one from the fact that uj is bounded 
and 

\BiO,R)\B( .,R)l ^ 

R^oo \B{0,R)\ 

□ 

3.1. Action of a current. This action has been defined for dimension 
1 currents in [BB07] : as shown in [Be09] . the same definition applies to 
codimension 1 currents. We are not going to recall this definition here, we 
only recall some facts; the first one is that this definition extends the notion 
of mean action we gave in the introduction. 

Indeed, the following holds: if n is a (L, p) minimizer, then the mean 
action of Tu, say MA{L,Tu), is given by 

MA{L,Tu) = lim I I L{x,u,Vu)dx = P{p). 

3.2. Rational rotation numbers. Let p € Q" and let r > 0; we define 

(7) F: = {A; eZ" : fc-pGZ}. 

It is easy to see that T is a subgroup of Z"; actually, it is the projection of 
rat(/0, 1) n (Z" X Z) to Z". Since p is rational, T contains a basis of M""; in 
particular, the action of F on M" admits a bounded, measurable fundamental 
domain D. 

We define a set Jr{p) which will come handy in the next section. The set 
Jr{p) is the set of all functions u: M" M satisfying the three points below: 

• n G C7''T(IR") c wl^^iR"") 

• the C'''''(M")-norm of the map x i— > u{x) — u{0) — p-x is smaller than 
r. 

• u{x + k) + j = u{x) whenever {k,j) G Z" x Z n (/?, 1)-*-. 

Then u induces a current by (jH). The mean action of is given, as 
expected, by 

(8) MA{L,Tu) = j^l L{x,u,Vu)dx. 

\-^\ Jd 

We shall need a theorem, due to Moser, which says that, when p is ra- 
tional and r is larger than the constant Ci(||/9||) of theorem 11.11 there are 
minimizers in the class Jr (p) ■ This is in sharp contrast to the dimension one 
case, where in general there are no periodic minimizers. 
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Theorem 3.2 ( |Mo86j ). Let p E Q", let T be defined as in (0) and let D he 
a fundamental domain. We set 

W = {u(^Wl^l{W^) : u{x + k) -u{x) - p-k = VA: e T}. 

Then 

(3{p) = inf{— ■ / L{x,u,Vu)dx : u G W}. 
\D\ Jd 

Moreover, the inf is a minimum and the functions u & W on which the 
minimum is attained are (L, p) minimizers. 

Conversely, if u is a {L, p) minimizer such that u{x + k) — u{x) — p - k = 
for any /c G F, then 

/3(p) = j-^ ^ Lix, u, Vu)dx. 

4. Generic uniqueness of periodic minimizers, and of the 
minimizing currents with rational slope 

Here we prove (Proposition 14. ip that given a rational rotation number p, 
for a generic Lagrangian L, there is a unique periodic minimizer with rota- 
tion number p. Then we prove (Lemma I4.4p that for such a Lagrangian, all 
(L, p)-minimizers, including the non-periodic ones, induce the same current. 

Proposition 4.1. Let 

• L be a Lagrangian on M?^~^^ satisfying Hypothesis (Hl-4)- 

• p be a vector in Q". 

Then there exists a residual subset 0{L,p) o/ C°°(T""'"^) such that for any 
f G 0{L,p), there is only one periodic (L — f , p) -minimizer. Moreover, all 
{L — f , p) -minimizers induce the same current. 

Proof. We will see how this result follows from |BC08] . This paper considers 
the following situation: 

n 

Ex F 

I TT \ 

Ex G ^ ^ 
U 
K 

where E^ F, G are topological vector spaces, tt is a linear continuous map 
between F and G and a is a bilinear coupling. The hypotheses are the 
following ones. 

• The bilinear pairing a is continuous. 

• K is a compact and convex set, separated by E; the latter means 
that, if r] and v are two different points of K, then there exists u ^ E 
such that a{u, r] — u) ^ 0. 

• E is a Frechet space. 

• Hr is compact, convex, and n^Hr) C K. 

We define H* as the set of all the affine, continuous functions on Hr', for 
L in H*, we denote by MLNh,.{L) the set of minima of L over H'p. 
Under these hypotheses, theorem 5 of |BC08j holds: 
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Theorem 4.2 ( |BC08j ). For any finite dimensional affine subspace B of 
H*, there exists a residual subset 0{B) C E such that, for all f E 0{B) 
and L G B, we have that Tr{MINH^ (L—f)) is contained in an affine subspace 
of G, whose dimension is not larger than the dimension of B. 

We want to apply this theorem to our situation. To do this, we let 

• Ehe the Frechet space C'''>(T"+i) 

• F he the space of closed n-currents of finite mass on T"+^. This 
space is the dual of the space of continuous n- forms on T""*"^, 
equipped with the sup norm. 

• G be the dual space of C'^(T"+^), i.e. the space of Borel signed 
measures on T""'"-'^ 

• tt: F — > G be the continuous linear map T — > fiT defined as in 
©• 

• a be the continuous bilinear pairing between E and G defined by 
integration 

• K C G he the metrizable, compact, convex set of Borel probability 
measures on T""*"^. Observe that K is separated by E. 

The definition of Hj. is a bit trickier. We let Jr{p) he the set of functions 
defined in section 13.21 

Define Hr to be the set of currents of the form T^, with u in Jr{p), and let 
Hr he the weak* closure of the convex hull of Hr- Then Hr is contained in 
a ball in F, so by the Banach-Alaoglu Theorem it is compact with respect 
to the weak* topology. It is also metrizable because the space Q^{T'^~^^) of 
continuous n- forms on T""*"^, equipped with the sup norm, is separable. 

We saw in formula ([6]) that vr brings any Tu G to a probability measure, 
i. e. to an element of K; taking convex combinations, the same is true for 

Hr. 

We show in lemma HTHl below that MA(L, •) G H*, i. e. it is an affine, 
continuous functional on H^. 

Now we can apply Theorem 14.21 For us, B will be a singleton, i. e. 
B = {MA(L, ■)}. By theorem 14.21 there exists a residual subset Or{L) of 
E such that for any / € Or{L), 'ir{MINHr{L — /)) is reduced to a point. 
Clearly, if r is smaller than the constant Ci^_j(||/9||) of theorem 11.11 the 
minima in Hr may not correspond to any (L — /, p)-minimizer. That's why 
we consider 

Oil) = fl OriL). 
rGN 

We get that 0{L) is a residual set too and, if / G 0{L), then tt{MINh^{L — 
/)) is reduced to a point for any r. 

We show how this implies the thesis. Let us suppose by contradiction 
that there are two different periodic (L, /9)-minimizers, say u and v. We 
prove below that, if r > Cl_j(||/3||), then and are minimal in Hr- We 
recall from [Mo86] that the graphs of the two periodic minimals u and v are 
disjoint; this implies by ([6]) that and are different. In other words, 
Tr{MINHr{L — /)) contains at least two elements, while we have just proven 
that it is reduced to a point; this contradiction proves the thesis. 
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Now we show that, if is a {L — f, p)-minimizer, then minimizes 
MA{L — /, ■) in Hf. for r large enough. To show this, it suffices to show 
that the minimum of MA(L — f, ■) on the currents of Hr coincides with 
the minimum of MA(L — /, •) on the currents Tu, where u is a periodic 
minimizer. By ([8]) and theorem 13.21 the latter minimum is (3L-f{p), where 
by /3l_/ we denote the /3-function of the Lagrangian L — f. Thus, it suffices 
to show that the minimum of MA(L — /, •) on the currents of Hr coincides 
with Pi-fip)- That's what we do next. 

We begin by noting the following: let r > Cl_/(||p||) and let u be {L,p)- 
minimal; theorem 13.21 yields the first equality below, formula ([8]) the second 
one: 

PL^fip) = ^\jj-^ - f){x,u,'^u)dx = MA{L - f,Tu). 
Since G Hr, we get that 

/3i_/(p)> minMA(L-/,r). 

To show the opposite inequality, we recall that MA{L — /, •) is affine, con- 
tinuous and Hr is the closed, convex hull of the currents T^, with u G Jr{p)\ 
thus, it suffices to prove that MA{L — f,Tu) > (3L-f{p) for any u £ Jr{p)- 
But this follows immediately from theorem 13.21 

□ 

Lemma 4.3. Let L satisfy hypotheses Hl)-H4) of the introduction. Then 
the function T i — > MA{L,T) is affine and continuous on Hr- 

Proof. We refer the reader to [BB07] for the proof that MA{L, •) is affine; 
we prove that it is continuous on Hr- 

Let T £ Hr and let the measure px be defined as in ([5]); then |BB07] 
implies that there is a multi- vector field X G L^{pt) such that T = X A px 
and X = (Xi, X2, . . . , X„, 1) in the coordinates introduced above; moreover, 

MA{L,T) = / L{x,u, Xi{x,u), . . . , Xn{x,u))dpT{x,u). 

JT"xT 

Let 7r be the push-forward of the measure px by the map 

I — > {x,u,Xi{x,u), . . . ,Xnix,u)). 
By the formula above, we have that 

MA{L,T) = / L{x,u,p)d'yT{x,u,p). 

It is easy to see the following: if Tk is a sequence in H^, then it converges 
weak* to T if and only if the measures converge weak* to 77^. We also 
note that, by definition, the support of with T € Hr is contained in 
T*^ X T X B{0,r); since on this set L is bounded, we get that the linear 
function 

IT' — > / L{x,u,p)d-fT{x,u,p) 

JT"xTxK" 

is continuous; by the aforesaid this implies that also MA(L, •) is continuous. 

□ 

We have shown that, generically, there is only one periodic minimizer, i. 
e. the first part of proposition 14.11 by the next lemma, this implies that 
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all the (L, p)-minimizers induce the same current, i. e. the second part of 
proposition 14.11 

Lemma 4.4. Let p € Q", and let us suppose that there is a unique periodic 
(L, p)-minimizer u; let us call T„ the current it induces. Let v he any (L, p)- 
minimizer; then = Ty. 

Proof. By lemma 3.1 and integer translation, we can suppose that ii(0) < 
v{Q) < n(0) + 1. By ^Ba89j, there is a vector 7 G M" such that 

lim \\v - u\\cii^{x ■ x-7<t}) = 
(9) and lim \\v - u - l\\ci {^{^ x-7>t}) = 0. 

t— >+oo I 

Let cj € r^n*^^; by the formula above, we can fix t > so large that 
f ) • (Vt>, 1) — a;(x, li) • (Vn, 1)1 < e if |x • 7I > t. 

For this t, 

|T^(a;)-r„(a;)l < lim ^ [ \uj{x,v)iVv,l)-u}{x,u)i\/u,l)\dx = 
R^oo \B[U,H)\ Jb(o,R) 

iR^n mi / \u{x,v)iVv,l)-uj{x,u)iVu,l)\dx < e. 

R^oo \I^{U,K)\ JB(0,R)n{x : \x-y\>t} 

Since e is arbitrary, the last formula implies the thesis. 

□ 

5. Uniqueness of the minimizing current within a given 
homology class: irrational case 

Lemma 5.1. Let 

• L be a Lagrangian on M?"^^^ satisfying Hypothesis (H1-4-). 

• p he a vector in p £ M" \ 

• ui,U2 be minimizers in Mp. 
Then — T^U2 * 

Proof. For / = 1,2, we define 

uf {x) = snY>{ui{x + k) -\- j : p ■ k + j < a} 

and 

uf {x) = mi{ui{x + k) + j : p-k+j>a}. 
We recall a few results of Bangert's on the properties of uf"^. We set 
r = G Z" X Z : k-p + j = 0}. 

1) It is proven in proposition 5.6 of |Ba89| that ti"^ = uf save for at most 
countably many a, for which uf^ > uf . We call their common value, 
defined for a outside a countable set. 

2) By the same proposition, uf is F-periodic; it follows from the definition 
that uf~ < uf^. Let M be the projection of rat(/), 1) C M" x M on R"; 
corollary 4.6 of |Ba89| implies that, for all e > we can find C > such 
that 

uf{x + z)-uf~{x + z)<e if xeM,z£M^, > C. 
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3) By [Ba87j . there is a G M such that = u^"^" . 

4) Setting ai = 0, 02 = —a, we have by the last point and the definition of 
uf that, for Z = 1, 2, 

Ul < Ul < . 

In the formula above, there are only two possibilities: either there are two 
equality signs, or there are two strict inequalities. 



We define G as the closure of 
and we call G the projection of G on T" x T. 

Observation 1. We assert that for I = 1,2, suppiT^i) C G. Indeed, let uj 
be a continuous n-form compactly supported on (T" x T) \ G; we shall show 
that T„- (w) = 0. For starters, w induces a periodic form u) on M" x M. Since 
u is compactly supported on T" x T, the distance between the support of co 
and G is positive, which implies that the distance between the support of u> 
and G is positive. By point 2) above, this implies that, for G large enough, 

supp{Cj) n {{x,Xn+i) G X M : -u"' (x) < Xn+l < u"' (x)} C 

M X {B{0,C)nM^). 
In particular, if s is the dimension of M, we get that 

\{x G B{0, R) : {x, mix)) G suppiuj)}\ < GiR\ 

Since p is irrational, s < n, and thus 

1 



\Tui{uj)\ = lim 



R~^oo \B{0,R)\ 



Cb{x,ui{x)) ■ {yui,\){x)dx 

B{0,R) 



< 



lim —-r — = 

R^oo \B{0,R)\ 

because s < n, since p is irrational. 

Observation 2. We assert that Lemma l5 . 1 1 follows if we prove that pTu^ = 
PTu^- Indeed, let 

Xr. GU{{x,ui{x)) : X G M"} ^ A„(R"+i) 

be defined by 

XKx,<±(x)) = (V<±(x),l), Xi{x,ui{x)) = {Vui{x),l). 

In the formula above, we have written the coordinates of Xi with respect to 
the basis {ej of A„(M"+i) which is dual to the basis dx^ of A"(R"+i) we 
defined in section [31 

By point 3) above, we have that Xi = X2 on G; we call X their common 
value on this set. Now T^, is supported on G, where X is defined; clearly, 
the observation follows if we prove that = X A /xt„j • 

To show this, we recall that, by (0), is the weak* limit of the measures 
fii^jl on T" X T defined by 

/(x,x„+i)d/i;,i?(x,x„4.i) = -— / f{x,ui{x))dx 

T"xT l^lU, K)\ Jb{0,R) 
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for all continuous functions /. Now, it follows from theorem 4.5 of |Mo86] 
that Xi is Lipschitz on the union of G and the graph of ui ; if Xi is a Lipschitz 
extension of X; to T*^ x T, we get that 

Tui{u) = Ymi I p^^^ / uj{x,ui{x)) ■ {yui{x),l)dx 



lim / Uj{x, Xn+l) ■ Xi{x,Xn+l)dfli^R{x,Xn^ 



, - ^, . IJ 

U}{x,Xn+l) ■ Xi{x,Xn+l)dfJ.T {x,Xn+l) 

T"xT 

U}{x, Xn+i) ■ X{x, Xn+l)d^lT {x, 

/T"xT 

where the first equality is the definition of T„j ; the second one follows from 
the definition of and the fact that Xi = (Vm;,1) on the graph of u;. 
The third equality follows since a; • X; is a continuous function on T" x T 
and converges weakly. We note that, by ([5|), if is supported on G, 
the measure fiXu^ is supported on G too; since on this set Xi = X2 = X, 
the last equality follows. 

The formula above implies that T^^ = X A fiTu^ ■ 
Observation 3. We define the map 

$:G'^M"+\ ^x,uf{x)) = {x,p-x + a). 

We recall from |Mo86j that this map quotients to a map <I>: G — > T"^^. We 
call P the canonical projection T" x T — > T", i. e. P{x,Xn+i) = x. We 
shall prove the following three facts. 

• P^ifJ'Tuj) aiid {P o ^)^{iJ-Tui) are the Lebesgue measure 

• the measures fiTu^ on G are invariant by the map 

tpk-G^G, iJk- {x,uf{x)) ^ {x,uf{x + k)) 

• the measures *&j(AiT„;) on T" x T are invariant by the map 

^fc : T" x T ^ T'^ X T, Mx, Xn+i) = {x, Xn+i + k-p). 
For the first statement, we note that, if / : T*^ — > R is continuous, then 



fdPiifJ-Tu,) = / f{x)dfiTu,{x,Xn+i] 

jn JT"xT 



1™ iR/n m\ I fix)dx = I f{x)dx 



\B{0,R)\ Jb(o,r) 

where the second equality comes from ([6]) and the last one from the pe- 
riodicity of /. This proves that P^i^Tuj) is Lebesgue. The statement for 

{P o ) follows as above, noting that P o ^(x, u°^^ {x)) = x. 

The second statement follows from Lemma 13.11 and ([5]) . 

To prove the third statement, we note that u^'^^ '' = uf{x + k); we can 
rewrite this fact as 

$ o ^pk{x, m"* (x)) = tpko ^{x, (x)). 
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This implies the first equahty below, while the second one follows from the 
previous point. 

The last formula proves the invariance of *1?(|(mTuj)- 

Observation 4. We assert that ^ij,{|J.Tu^) is the Lebesgue measure. We 
prove this using observation 3 and the Fourier transform; we set 

JT"xT 

We choose k such that p ■ k ^ Q; invariance under tpj^ implies the second 
equality below 

JT"xT 

Since p ■ k is irrational, we deduce that nikj = unless j = 0. Since the 
marginal of $(t(//T„ ) on T" is the Lebesgue measure by the first point of 
observation 3, wc see that m^^o = unless /c = 0; in other words, ^fiipTuJ 
has the same Fourier transform as the Lebesgue measure, which implies that 
it is the Lebesgue measure. 

End of the proof. We prove that /xr^^ = PT-a^; by observation 2, this 

implies the thesis. 

If $ were injective, observation 4 would imply that pT^_^ and pTy.^ coincide. 
Indeed, 

PT^^iA) = pT^^i<p-\m))) = <PiPT,^mA)) = C-+\^A)) 

where the third and fourth equalities come from observation 4. The same 
argument would apply if we could prove that the set on which $ is not 
injective is negligible for pT^^ and Pt^^- But we saw in point 4) at the 
beginning of the proof that the set on which $ is two to one is exactly the 
union of the boundaries of the gaps of G, which have the form 

{{x,uf{x)) : xGM"} 

projected to the torus. By countable additivity, it suffices to prove that each 
piece 

{ix,uf{x)) : xe[0,ir} 

has measure zero. But the measures p^^, are invariant by the action of V'fc! 
thus, if one of the sets above had positive measure, the measure of the whole 
torus would be infinite, a contradiction. 

□ 
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6. Proof of the main theorem 

Theorem 6.1. Let L be a Lagrangian on satisfying Hypothesis (Hl- 

4). Then there exists a residual subset 0{L) o/C°°(T"+-^) such that for any 
f G Oil), 

• for any p € IR", all the {L—f, p)-minimizers induce the same current; 
if P ^ Q"; there is a unique periodic (L, p)-minimizer 

• for any c E M", all the (L — f — c)-minimizers induce the same 
current 

• there exists an open dense subset U(L, /) of M", such that for any 
c G U{L, /), we have p := a'^_j{c) £ Q". 

Proof. First statement. Set 

0{L):= f] 0{L,p) 

where 0{L,p) comes from Proposition 14.11 Then 0{L) is residual in 
C'''^(T"+i). Take / G 0{L). We remark that, if p G R" is irrational, then by 
Lemma [5. H all the (L — /, a^_j(c))-minimizers induce the same current. On 
the other hand, if p G Q", then by the definition of 0{L) there is only one 
periodic {L — f, p)- minimizer; moreover, by lemma the (L, /9)-minimizers 
induce a unique current. This proves the first part of the theorem. 

Second statement. Take / G 0{L) and c G i7"(T"+i). Then, if a'^_^(c) ^ 
Q", we know by Lemma 15.11 that there exists a unique {L — f,ct'^_j^{c))- 
minimizing current, hence there exists a unique {L — f — c)-minimizing cur- 
rent. If a'^_j{c) G Q", by the definition of 0{L), all the {L - f,a'^_j{c))- 
minimizers induce the same current, hence there exists a unique {L — f — c)- 
minimizing current. This proves the second part of the theorem. 

Third statement. By the first statement above and Theorem 12.11 if / G 
0{L) and p G Q", the dimension of Dp{L - f) is n. Now Dp{L - /) C M"+^ 
let P: M""^^ — )• M" be the projection to the first n coordinates, and let 
int(Z)p(L — /)) denote the interior of Dp{L — /). Since the dimension of 
Dp{L — f) is n, and this set is not vertical, we easily get that P{[int(Z)p(L — 
/))]} is an open set. 
Set 

UiLJ):= U P{\int{Dp{L-f))]}, 

then U{L, f) is open in M", and it is dense in by Proposition [221 Besides, 
if p G Q" and c G P{[int(Z)p(L — /))]}, then by Proposition 14.11 there is a 
unique periodic {L — f — c)-minimizer with slope a'^_^{c). □ 

Appendix A. A bit of topology 

We denote by 

• -6(0, r) the closed ball in M" of radius r, centered at the origin 

• (., .) the canonical inner product in i?". 
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Lemma A.l. Let f be a continuous map from M" to itself, such that for 
any x in M" \ {0}, we have {x, f{x)) > 0. Then for any neighborhood U of 
zero in M" , f{U) contains a neighborhood of zero. 

Proof. By modifying / outside some neighborhood of zero, we may as- 
sume that ||/(x)|| goes to infinity when ||x|| goes to infinity. Thus, setting 
/(oo) := DO, / extends to a continuous self-map / of M'^Ujoo}, the one-point 
compactification of M". We identify M" U {oo} with by the stereographic 
projection, i. e. by the map 

i;:{ix,z) : xGM",zGM, |xp = 1} ^ 

defined by 

ip{x, z) = X. 

We consider the continuous map F: S" — > S" given by F{x, z) = ip^^ ° f ° 
il){x, z). Next, we observe that (^(x, z), ^(— x, —z)) < save when x = 0; in 
other words, if two points on 5" are diametrically opposite, then the internal 
product of their -^-images is negative. In particular, if (x, z) and F{x, z) were 
diametrically opposite, then we would have that ('i/'(x, z), /('(/'(x, z))) < 0; 
but this is excluded by our hypotheses on /. Since (x,z) and F{x,z) are 
never diametrically opposite, F is homotopic to the identity by the shortest 
geodesic homotopy. Therefore F has degree one, hence it is onto; as a 
consequence, / is onto too. 

Now we want to show that for any 6 > 0, there exists e > such that 
-6(0, e) C f{B{0,6)). Assume not. Then for any positive integer k, there 
exists Xfc, such that ||xfc|| < ^ and Xk is not in f{B{0,S)). Since / is onto, 
there exists yk, such that ||yfc|| > 6 and f{yk) = x^. Take a limit point y of 
yk in the n-dimensional sphere. Since \\yk\\ > ^, we have y 0. But, since 
/ is continuous, we get f{y) = 0, a contradiction with {y,f{y)) > 0. □ 

Appendix B. A bit of linear algebra 

We say an affine subspace of M" is rational if it is defined by equations of 
the form (cj, h) = Ti, i = 1, . . . s, where Cj, z = 1, . . . s, are integer vectors, 
and Ti G Z, i = 1, . . . s. The intersection of two rational affine subspaces is 
a rational affine subspace, so given p G M", there exists a smallest rational 
affine subspace containing p. We denote it A{p). 

With an abuse of notation, we shall set 

A{p)^ = Vect(ci,...c,). 

In other words, A{p)^ is the vector space orthogonal to L{A{p)), i. e. to 
the smallest space containing the differences a — b with a,b £ A(p). 

We define rat(/3, 1) as the subspace of generated by Z" x Z n (p, 1)-*-; 
we also define M{p) as the projection on M" of rat(/9, 1). Recall from [Mt09| 
(Proposition 18) that the irrationality Iz{p) of p is the dimension of A{p). 
The next lemma implies that 

Ilip) = n — dim M{p) = n — dim rat (p, 1). 

Lemma B.l. For any p G M", M{p) is the vector subspace A{p)^ ofW^ 
orthogonal to A[p). 
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Proof. Assume A{p) is defined by the equations Ci ■ v = Ti, with Cj € Z", 
Ti G Z, i = 1, . . . /c. Then A{p)^ = Vect(ci, . . . Cfc). Recall from [BeOO] that 
M{p) is generated by the vectors k £ Z"" such that p-k £ Tj. Thus q G M{p), 
i = l,...k, whence A{p)-^ C M(/)). 

On the other hand, if G Z" is such that p-k G Z, the equations Ci-v = Ti, 
i = 1, . . . s together with k-v = p-k define a rational affine subspace B of M", 
containing p, and contained in A{p), so by the definition of A{p), B = A{p). 
Therefore k G Vect(ci, . . . c<j). Since A{p)^ = Vect(ci, . . . c^), we conclude 
that ^(p)-^ D M{p). 

□ 

Lemma B.2. For any p G M", p = pi + p2, where pi G M{p) n Q", 
P2 G M{p)-^ , and p2 is completely irrational in M{p)^, that is, p2 is not 
contained in any proper rational affine subspace of M{p)^. 

Proof. Let P denote the orthogonal projection on M{p); we begin to prove 
that P{p) is rational. Let wi, . . .w^ be vectors in Z" which form a basis of 
M{p); by the definition of M{p) we get that p-Wi G Z. Since P{p)-Wi = p-Wi, 
we get that P(p) ■ tt;j G Z; if we set 

P{p) =aiwi + ...OkWk, a = {ai, . . . ,ak), b = {P{p) ■ wi, . . . , P{p) ■ Wk) 

and we define W to be the matrix of the internal products Wi ■ wj, we see 
that Wa = b, i. e. a = W~^b. Since W and b have integer entries, this 
implies that a is rational, which in turn implies that P{p) is rational. 

Now set p2 = p — P{p), we have p2 G M{p)-^. Assume p2 lies in a rational 
affine subspace B contained in M{p)-^. Then P{p) + B is a rational affine 
subspace of M", and it contains p, so it contains A{p). On the other hand, 
the dimension of P{p)+B is at most dimM(p)-'- = dmiA{p), so B = M{p)^. 
Thus p2 is completely irrational in M(p)-'-. □ 

References 

[Ba89] V. Bangert On minimal laminations of the torus, Ann. Inst. Henri Poincare 6 
(1989), no 2, 95-138. 

[Ba87] V. Bangert A uniqueness theorem for 1/" -periodic variational problems, Comment. 

Math. Helv., 62 (1987), 511-531. 
[Ba90] V. Bangert Minimal geodesies Ergodic Theory Dynam. Systems 10 (1990), no. 2, 

263-286. 

[Be] U. Bessi A Fathi-Sieonolfi. for codimension one transport preprint 

[Be09] U. Bessi Auhry sets and the differentiability of the minimal average action in codi- 
mension one ESAIM Control Optim. Calc. Var. 15 (2009), no. 1, 1-48. 

[BB07] P. Bernard, B. Buffoni Optimal mass transportation and Mather theory J. Eur. 
Math. Soc. 9 (2007), 85-121. 

[BC08] P. Bernard, G. Contreras A generic property of families of Lagrangian systems 
Ann. of Math. (2) 167 (2008), no. 3, 1099-1108. 

[F] A. Fathi, Weak KAM theorem in Lagrangian dynamics 
to appear, Cambridge University Press. 

[FS04] A. Fathi, A. Siconolfi Existence of critical suhsolutions of the Hamilton- Jacobi 
equation Invent. Math. 155 (2004), no. 2, 363-388. 

[Mn95] R. Mane Ergodic variational methods: new techniques and new problems Pro- 
ceedings of the International Congress of Mathematicians, Vol. 1, 2 (Zurich, 1994), 
1216-1220, Birkhuser, Basel, 1995. 

[Mn96] R. Mane Generic properties and problems of minimizing measures of Lagrangian 
systems Nonhnearity 9 (1996), no. 2, 273-310. 



18 



UGO BESSI, DANIEL MASSART 



[Mt03] D. Massart On Aubry sets and Mather's action functional 

Israel Journal of Mathematics 134 (2003), 157-171. 
[Mt09] D. Massart Vertices of Mather's beta function, II, Ergodic Theory and Dynamical 

Systems 29 (2009), no. 4, 1289-1307 
[Mt] D. Massart Aubry sets vs Mather sets in two degrees of freedom, preprint 

lajXiv:08 03.2647 [math.DS] 
[Mr91] J. N. Mather Action minimizing invariant measures for positive definite La- 

grangian systems Math. Z. 207 (1991) 169-207 
[Mo86] J. Moser Minimal solutions of a variational problem on a torus Ann. Inst. Henri 

Poincare 3 (1986), 229-272 
[O09] O. Osuna The Aubry set for periodic Lagrangians on the circle Bol. Soc. Brasil. 

Mat. (N.S.) 40 (2009), no. 2, 247-252. 
[S91] W. Senn Strikte Konvexitat fur Variationsprobleme auf dem n-dimensionalen Torus 

Manuscripta Math. 71 (1991), no. 1, 45-65. 
[S95] W. Senn Differentiability properties of the minimal average action Calc. Var. Partial 

Differential Equations 3 (1995), no. 3, 343-384. 

Dipartimento di Matematica, Univcrsita Roma Tre, Italy 
e-mail : bessi@mat.uniroma3.it 

Departement de Mathcmatiques, Universite Montpellier 2, France 
e-mail : massart@matli.univ-montp2.fr 



